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abstract
In many branches of science experiments are expensive, require specialist equipment or
are very time consuming. Studying the light scattering phenomenon by fractal aggregates
can serve as an example. Light scattering simulations can overcome these problems and
provide us with theoretical, additional data which complete our study. For this reason a
fractal-like aggregate model as well as fast aggregation codes are needed. Until now various computer models, that try to mimic the physics behind this phenomenon, have been
developed. However, their implementations are mostly based on a trial-and-error procedure. Such approach is very time consuming and the morphological parameters of resulting
aggregates are not exact because the postconditions (e.g. the position error) cannot be very
strict. In this paper we present a very fast and accurate implementation of a tunable aggregation algorithm based on the work of Filippov et al. (2000). Randomization is reduced to
its necessary minimum (our technique can be more than 1000 times faster than standard
algorithms) and the position of a new particle, or a cluster, is calculated with algebraic
methods. Therefore, the postconditions can be extremely strict and the resulting errors
negligible (e.g. the position error can be recognized as non-existent). In our paper two different methods, which are based on the particle–cluster (PC) and the cluster–cluster (CC)
aggregation processes, are presented.
© 2014 Elsevier B.V. All rights reserved.

1. Introduction
Small particles tend to aggregate and create larger structures, which can be described by the following fractal equation [1]:


Np = kf

Rg
rp

Df

,
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in which Np is the number of particles with the radius rp and Rg denotes the radius of gyration. The fractal dimension Df
is assumed to be constant during the whole aggregation process [2]. To describe the fractal properties of an aggregate, one
additional parameter—the fractal prefactor kf is needed. Its value varies between different publications and is dependent
on environmental conditions as well as experimental set-ups [3]. Many aggregation models have been developed [4–7].
Ballistic aggregation was one of the first, and one of the most intuitive technique. It assumes that particles or clusters are
projected into a growing structure along randomly selected linear paths. In the basic version, the aggregate grows every time
when a collision occurs. Although this method usually produces structures characterized by high fractal dimensions [4], it is
relatively easy to implement polydispersity. A more advanced aggregation model DLA (Diffusion-Limited Aggregation) was
introduced by Witten and Sander [8] in which particles move in a square lattice via trajectories of a random walk. Another
common model is RLA (Reaction-Limited Aggregation) which takes into account only the probability of forming a bond with
every collision. In many cases the number of encounters before creating a permanent connection is very large [9,10]. In our
study we used the tunable algorithm proposed by Filippov et al. [11], which guarantees that the fractal equation (1) is valid
at every step of the aggregation process. It allows for the creation of aggregates characterized by prescribed values of the
fractal prefactor kf and the fractal dimension Df . The aim of our work was not to evaluate the morphological parameters
of structures created by this routine, but to develop a fast and accurate computational implementation. For this reason,
only a short chapter about this topic is included in the paper and a more detailed discussions on quality of aggregate models
generated with tunable algorithms as well as their comparison to real structures can be found in a paper by Filippov et al. [11].
When large sets of aggregates (especially composed of a large number of primary particles) are needed, the computation
time may become a crucial factor. Our approach is based on the minimization of some redundant randomization which
can significantly decrease the required time. Furthermore, due to the precise algebraic calculations, primary particles are
positioned in point contact and therefore, location errors are negligible. For example, in the literature some authors claim
that to generate an aggregate composed of more than 1000 primary particles a few hours or even two days are needed [12].
With our implementation it takes several (CC) or only a few (PC) seconds. The following procedure has already been used in
research on soot aggregates [13]. The motivation of our work was to improve the aggregation speed as well as the precision of
our algorithms even further. In the light scattering problem a single fractal-like aggregate model is not satisfactory. To obtain
reliable data sometimes a few hundreds structures of the chosen morphology are needed and the light scattering diagrams
should be averaged [14]. Furthermore, even a small position error between primary particles can lead to erroneous results.
Our algorithms can be also used in other study where precise aggregate models and numerical simulations are needed to
uncover and study different physical phenomena [15].
2. Aggregation algorithms
2.1. Particle–cluster aggregation
The most efficient way to create a model of a fractal-like aggregate is to use the standard particle–cluster (PC) aggregation
method. Its aim is to attach one spherical particle to the growing cluster at each step of the aggregation process. This method
is widely used due to its simplicity, however it has many drawbacks (e.g. the generated models are less similar to real
structures). On the other side creating aggregates characterized by a high fractal dimension is very problematic with the use
of alternative, cluster–cluster (CC) aggregation methods [16].
In our aggregation algorithms we implemented the procedure proposed by Filippov et al. [11]. At every step of the
aggregation process the distance between the geometrical center of the growing cluster to the center of the new particle is
specified by the following equation:

|Γ⃗ |2 =

Np 2 rp 2
Np − 1



Np
kf

 D2

f

−

Np rp 2
Np − 1

− Np rp

2



Np − 1
kf

 D2

f

.

(2)

Before starting the aggregation process an initial cluster, composed of two particles in point contact, is needed. A sample
formula for choosing the coordinates of the center of the second particle is presented in the appendix—Eq. (16). During the
remaining part of the process (i.e. when Np > 2), defining the geometrical center of the aggregate, which can be calculated
either by Eq. (17a) or Eq. (17b), as well as generating a list of particles LA, that may potentially intersect with the new sphere,
are crucial. A sample aggregate, composed of Np = 100 particles and characterized by Df = 1.8 and kf = 1.5, is presented
in Fig. 1(A). The thick line defines the spherical surface on which the new particle must be placed. Its radius is equal to |Γ⃗ |.
The gray disks denote the particles that may intersect with the new sphere. Their centers must not be positioned closer than
|Γ⃗ | − 2rp to the center of the growing cluster. The white disks refer to the particles that do not take part in this aggregation
step. If we assume that the geometric center of the aggregate does not change significantly during the whole aggregation
process, they can be excluded from future calculations what would result in decreased simulation time (the position of the
geometric center C is constant while |Γ⃗ | increases at each step of the aggregation process). However, usually the changes
of the geometric center (the distance between the present position of C compared to the previous position of C ) are slightly
larger than the growth of |Γ⃗ |. For this reason the rejection condition should not be too strict, e.g. in our algorithm to exclude
a particle from further calculations its distance to C must be smaller than |Γ⃗ | − 12rp . Furthermore, the set of temporarily
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Fig. 1. A structure generated with the particle–cluster generation algorithm. (A) An aggregate with morphological parameters Np = 100, Df = 1.8 and
kf = 1.5. |Γ⃗ | denotes the distance from the aggregate center C to the center of the new particle M. The gray disks represent the particles that can intersect
with M. (B) α is the angle that defines the position of the new particle, β denotes the rotation of Γ⃗ around |CB|.

eliminated particles is updated every 10 aggregation steps to avoid any potential inaccuracies. Note that although some
particles can be temporarily excluded from the calculations, at the end of the process they must be included in the final
structure. Next, one reference particle must be chosen at random from LA. (Fig. 1(B) shows a theoretical position of the
new particle and the reference particle. To vary the angle α see Eqs. (19a) and (19b) in Appendix A.4). The angle β , which

−
→

defines the rotation of Γ⃗ around CB, must be also chosen at random. The three side lengths of the presented triangle are
known (|CA|, |CB| and |AB| = 2rp ) and are sufficient to determine the angle α by using Eq. (18). After attaching the particle
the overlap condition must be checked. It is necessary to determine whether the new particle does not intersect with any
element included in LA (the distance between the centers of the particles must be equal or greater than 2rp ). During this
procedure a new list LB, which contains particles included in the list LA and positioned not further than 4rp from the center
of the reference particle, must be created. If the overlap condition is not met (i.e. at least two particles do intersect), vector

−
→
Γ⃗ must be rotated around CB what can be easily performed with the quaternion algebra (see Eqs. (20a)–(20c) and (21) in

Appendix A.5). This displacement defines a new position of the particle. The overlap condition must be checked again but
this time LB contains all particles that can intersect with the new sphere and can be used instead of LA to check the overlap

−
→

condition. After performing a specific number of rotations (e.g. 25) of Γ⃗ around CB, if particles still tend to overlap, a new
reference particle should be chosen at random form LA and the whole process repeated. The overlap level between two
particles is defined by the following equation [17]:
V =1−

|AB|
2rp

,

(3)

where |AB| denotes the length between the centers of the intersecting spheres. When our algorithms are used, it is lower
than V < 10−8 and therefore the position error can be recognized as non-existent. When the desired number of aggregation
steps is reached, the process is stopped and all the particles, eliminated from the calculations, have to be reattached to the
final structure. Note that, if the presented algorithms are written carefully, every aggregation error (mostly caused by a
mistake in the initial conditions) can be found and processed. Infinite loops will not occur and the resulting overlap error
between particles will be negligible.
To show the efficiency of our approach a sample Java program has been developed. Calculations were performed on a
standard personal computer with 8 GB RAM and AMD Athlon II X4 640 (3.00 GHz) processor. We used the Windows 7 operating system and the HotSpot JVM. According to the averaged (5 iterations) results of the SCIMARK 2.0 benchmark our system
was capable of performing 946.31 millions of floating point operations per second for small data sets and 489.51 MFLOPS
for large data sets. In our study only one CPU core was used. The aggregation times, for different morphological parameter,
are presented in Table 1. They demonstrate that our algorithm is suitable for producing large sets of aggregates, especially
when low values of the fractal dimension Df are used.
Next, our program was compared to an alternative Java aggregation program, based on the same formula proposed by
Filippov et al. [11]. This time it uses the standard procedure—particles are randomly placed on a sphere which is defined
by the vector Γ⃗ . Next, the overlap condition is checked. If at least two spheres intersect, a new particle position is picked
at random and the process is repeated. In this approach some position errors always persist and their tolerance must be
defined a priori (in our case spheres are considered as non-overlapping if the distance between their centers is greater than
0.99 · 2rp but smaller than 1.01 · 2rp ). Due to the exceeding calculation time, not every aggregate type was generated. Results, presented in Table 2, clearly show a huge difference in computer time in both approaches. Our algorithm is much faster
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Table 1
Time needed to generate a single aggregate of the chosen morphology (PC aggregation process). The results for medium aggregates, i.e. Np ≤ 10 000
particles, are averaged over at least 1000 iterations. The results for large aggregates, i.e. Np = 50 000 and Np = 100 000, are averaged over at least 100
iterations and the approximate time needed to generate an aggregate composed of 1 million particles is based on a single run. The new implementation of
the PC aggregation algorithm was used.
Fractal parameters

Df = 1.20
kf = 1.60

Primary particles

Time (s)

100
500
1 · 103
5 · 103
10 · 103
50 · 103
100 · 103
1000 · 103

0.001
0.004
0.012
0.236
0.936
18.329
69.546
189.866

Df = 1.75
kf = 1.40

Df = 2.30
kf = 1.20

Df = 2.85
kf = 1.00

0.001
0.014
0.038
0.482
1.622
26.519
86.236
6081.578

0.002
0.023
0.081
1.340
4.205
65.852
194.120
10 897.814

0.002
0.040
0.145
2.626
8.562
143.239
478.177
26 114.313

Table 2
Time needed to generate a single aggregate of the chosen morphology (PC aggregation process). Almost all the results are averaged over at least 100
iterations. The last value in every column, due to the long aggregation time, is averaged over at least 10 iterations. The standard implementation was used.
Fractal parameters

Df = 1.20
kf = 1.60

Primary particles

Time (s)

100
500
1 · 103
5 · 103
10 · 103
50 · 103

11.978
5 215.470
54 468.069
–
–
–

Df = 1.75
kf = 1.40

Df = 2.30
kf = 1.20

Df = 2.85
kf = 1.00

0.420
33.355
220.074
25 036.520
–
–

0.063
2.826
13.437
654.003
4316.307
–

0.023
0.631
2.692
131.515
671.371
13 859.286

than the standard routine, especially when low values of the fractal dimension are used. For these reason our approach is
recommended instead of standard aggregation algorithms.
2.2. Cluster–cluster aggregation
In the next part we present a cluster–cluster aggregation algorithm. Structures created with this process are considered
to be more similar to real fractal-like aggregates. However, the aggregation process is much more complex, thus more time
consuming. The most noticeable disadvantage of this method is the impossibility of creating aggregates characterized by
high fractal dimensions (e.g. Df = 2.5) [16]. In our study we used the formula proposed by Filippov et al. [11]:

|Γ⃗ |2 =

(N1p + N2p )2 rp 2
N1p N2p



N1p + N2p
kf

 D2

f

−

N1p + N2p
N2p

R1g 2 −

N1p + N2p
N1p

R2g 2

(4)

where |Γ⃗ | defines the distance between the aggregate centers. Nip regards to the number of particles and Rig is the radius
of gyration of the ith aggregate.
The main idea of the cluster–cluster aggregation method is simple. A set of small aggregates AS, that consist of approximately the same number of particles, must be created and at each step of the aggregation process the two smallest (or
equal) structures must be connected to one another in a specific way to create a larger structure. In this approach, the distance between their geometric centers is defined by |Γ⃗ |. If aggregates are not in point contact, at least one structure must be
rotated around its geometric center or a new Γ⃗ has to be chosen (however, its length must not be altered). The aggregation
process stops when only one structure remains (i.e. after N − 1 iterations, where N is the number of initial aggregates).
Initial structures can be generated using any aggregation method (e.g. the particle–cluster procedure presented in the previous section). In our approach at each aggregation step the first two aggregates are combined together and the resulting
structure is added at the end of AS. The geometric center of the second aggregate A2 is placed at random on a sphere defined
by the vector Γ⃗ (as presented in Fig. 2). The two structures can be connected if the following criterion is met:

⃗ 1 | + |D
⃗ 2 | ≥ |Γ⃗ |,
|D

(5)

⃗ i | is the distance from the ith geometric center to the furthest point of the ith aggregate. Otherwise, the aggregain which |D
tion process should be stopped and repeated, but with different initial conditions. It is highly recommended not to check the
overlap condition at this moment because this procedure is very time consuming and the probability of creating an aggregate composed of non-overlapping particles only at this step is close to zero. Next, two lists LA1 , LA2 , composed of particles
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⃗ i presents the
Fig. 2. Initial positions of two aggregates created during the aggregation process. Ci denotes the geometric center of the ith aggregate, D
distance from Ci to the furthest point of the ith aggregate. The vector Γ⃗ defines the sphere on which the geometric center C2 of the second aggregate must
be placed at random.

Fig. 3. Positions of the two aggregates created during the aggregation process. The gray disks denote the particles that might intersect, Mi (black disk)
refers to the reference particle of the ith aggregate. T⃗i is the supplementary position vector and |Γ⃗ | defines the distance between the centers of both
aggregates.

that might intersect, must be created (see Fig. 3). Only spheres that meet the following criterion should be included:

|Ci CMij | > |T⃗i | − rp ,

(6a)

⃗ 2 |,
|T⃗1 | = |Γ⃗ | − |D

(6b)

⃗ 1 |.
|T⃗2 | = |Γ⃗ | − |D

(6c)

CMij refers to the center of the jth particle in the ith aggregate. These lists are used to check the overlap criterion. Not all
particles have to be analyzed, thus the aggregation time can be significantly reduced. Two reference particles M1 , M2 must
be chosen at random from LA1 and LA2 respectively. Additionally, the following triangle criterion must be met (at least one
possible configuration exists):

|C1 CM1 | + |C2 CM2 | + 2rp ≥ |Γ⃗ |.

(7)

To provide more connection possibilities, two reference points P1 , P2 , that are located inside the previously selected particles, can be chosen at random (as presented in Fig. 4 and in Fig. 5). Also in this case, the following criterion must be true:

|C1 P1 | + |C2 P2 | ≥ |Γ⃗ |.

(8)

To simplify the procedure this step can be omitted and the following reduction applied:
P1 = CM1 ,

(9a)

P2 = CM2 .

(9b)
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Fig. 4. Location of the reference points P1 and P2 which are positioned inside the reference particles (M1 and M2 respectively). The angle βi denote the
rotation of Mi around the axis defined by vector Γ⃗ .

Fig. 5. The rotation procedure of the first aggregate. The point P1∗ denotes the position of the reference point P1 after performing the rotation by the angle

γ –γ ∗ . The plane characterized by the vector R⃗ present the space where two points P1 , P2 can meet.

However, this procedure is not time consuming and resulting aggregates are slightly more accurate. The rotation angle γ ∗
can be calculated by Eq. (18). The three side length are defined as follows: |C1 P1 | = |C1 P1∗ |, |C1 C2 | = |Γ⃗ | and |C2 P2 |. Please
note that this triangle is only hypothetical (there is no direct connection between P1 and P2 ), only the three side lengths are

−−→

−−→

available but it is sufficient to calculate the desired parameter. γ regards to the actual angle between C1 P1 and Γ⃗ = C1 C2 ,
which is relatively easy to calculate. The first aggregate must be rotated by γ –γ ∗ around the vector defined by the cross

−−→ −−→
product C1 C2 × C1 P1 . After the rotation the reference point P1 changes its location to P1∗ which is placed on the circle de-

⃗ (which is presented in Fig. 5). The next step is to rotate the second aggregate around the vector defined
scribed by vector R
−−−→

−−−→

∗
by C2 CM
× C2 CM2 by the angle δ –δ ∗ (Fig. 6). δ can be calculated by Eq. (18) (|C2 CM∗ 1 |, |C2 CM2 | and |CM∗ 1 CM2 |) as well as δ ∗
1
∗
∗
(|C2 CM1 |, |C2 CM
| = |C2 CM2 | and |CM∗ 1 CM∗ 2 | = 2rp ). After performing such rotations, the reference particles are positioned in
2
point contact (Fig. 7). Then, the overlap condition must be checked. However, before performing this step it is suggested to
create two additional lists of particles: LA21 and LA22 . The particles enclosed in the first list LA21 must fulfill the following
rule:

⃗ 2 | + rp ,
|C2 CM∗ i1 | < |D

(10a)

and similarly, the particles in the second list LA22 must meet the condition:

⃗ 1 | + rp .
|C1 CM∗ i2 | < |D

(10b)

Only these particles can intersect and checking the overlap criterion, which is the most time-consuming procedure during
the whole aggregation process, can be performed considerably faster using LA21 and LA22 only. If at least two spheres inter-

−−−→

∗
sect the second aggregate can be rotated around vector C2 CM
. However, the overlap criterion must be checked again. After
2
performing the chosen number of rotations, if the overlap error still persists, the two reference particles must be picked
again at random from the initial lists LA1 and LA2 and the whole process repeated.
For extensive tests, a program in Java has been written. The simulations were performed on the same machine (8 GB
RAM, AMD Athlon II X4 640 processor etc.). The initial aggregates, composed of 4 particles have been created with respect
to the algorithm described in the previous section. For this reason we decided to investigate aggregates composed of 4n
particles only. However, this is not a limitation of the algorithm. It was not possible to achieve as high fractal dimensions as
in the particle–cluster aggregation procedure. The maximum value of Df for aggregates composed of Np = 16 384 particles
was 2.5 and for smaller structures, made of Np = 4096 particles, the fractal dimension was not higher than 2.6. The averaged
aggregation time (based on ten iterations) was approximately 358 min and 45 min respectively. Moreover, the time needed
for generating two structures of the same morphological parameters can significantly differ, sometimes even more than one
order of magnitude. For this reason, the averaged results presented in Table 3 should be treated as a rough estimate, but not
exact data.
Next, our program was compared to the standard routine. At every step of the aggregation process the second aggregate
was rotated and its center was moved away from the first structure. Next, the overlap condition was checked (the same
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∗
Fig. 6. The rotation of the second aggregate. The point CM
is the location of the center of the second reference particle M2 after performing the rotation
2
by the angle δ –δ ∗ .

Fig. 7. The aggregate after performing both rotations. The reference particles (M1 and M2 ) are in point contact. Gray disks denote particles that might
overlap.
Table 3
Averaged time needed to generate a single aggregate of the chosen morphology (CC aggregation process). The results for medium aggregates, i.e. Np ≤
16 384 particles, are averaged over at least 1000 iterations. The results for large aggregates, i.e. Np = 65 536, are averaged over at least 10 iterations. The
new implementation of the CC aggregation algorithm was used.
Fractal parameters

Df = 1.2
kf = 1.7

Primary particles

Time (s)

1 024
4 096
16 384
65 536

0.022
0.169
1.873
45.617

Df = 1.5
kf = 1.5

Df = 1.8
kf = 1.3

Df = 2.1
kf = 1.1

0.054
0.913
17.579
709.830

0.112
2.240
56.152
2850.929

0.297
5.522
158.033
21 809.095

Table 4
Averaged time needed to generate a single aggregate of the chosen morphology (CC aggregation process). The results for Np = 256 and Np = 1024 are
averaged over at least 100 iterations. The results for Np = 4096 are averaged over at least 10 iterations. The standard implementation was used.
Fractal parameters

Df = 1.2
kf = 1.7

Primary particles

Time (s)

256
1024
4096

241.221
12 670.685
–

Df = 1.5
kf = 1.5

Df = 1.8
kf = 1.3

Df = 2.1
kf = 1.1

8.548
344.082
–

1.250
39.606
1145.445

0.452
10.752
237.441

tolerance as in the PC algorithm was used). In case of an error, one of the structures was rotated and the criterion was
rechecked. The results are presented in Table 4.
Our results show that our approach is significantly faster than the standard routine. Nevertheless, the creation of aggregates composed of e.g. one million particle can be problematic. In the literature also other high-speed aggregation CC codes
can be found, e.g. Ref. [7]. Vormoor, the author of the paper, studied and improved the classic tdCCA algorithm by Thouy and
Jullien [18]. He claims that on the IBM RS/6000 SP computer (about 560–600 MIPS), using 8 cores, an aggregate composed
of Np = 65 536 particles and the fractal dimension Df = 1.6 can be generated in less than 7 h. With our algorithm it takes
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Fig. 8. The number of particles Np as the function of (Rg /rr ). The aggregates were composed of Np = 16 384 particles and the fractal parameters were
Df = 1.8 and kf = 1.3. They were generated with the PC (left) and the CC (right) aggregation methods. The fractal dimension Df was approximated from
the slope.

approximately 23 min (one core only). However, it is important to take into account the difference in the system efficiency
that evolves over years. If the tdCCA simulations were performed now they would be much faster. In our study we have
demonstrated that our implementation can compete with other algorithms. Moreover, the main advantage of our approach
(apart from the speed) is the accuracy. In many fields of science the overlap factor V plays a crucial role. Even a small gap
between primary particles can significantly alter the intensity of scattered light.
2.3. Fractal properties of generated aggregates
To be sure that our procedure is not erroneous, we generated two large aggregates composed of np = 16 384 primary
particles, characterized by the following fractal parameters Df = 1.8 and kf = 1.3. Next, we plotted the number of particles
Np as a function of the aggregate size, defined as Rg /rp . Finally, we recalculated the fractal parameters. The curves, which are
presented in Fig. 8, show that our results are in very good agreement with the theoretical data. For the PC aggregation process
the fractal dimension Df was estimated as Df ≈ 1.7911 and the fractal prefactor as kf ≈ 1.3465. For the CC aggregation
process we obtained Df ≈ 1.7925 and kf ≈ 1.3391. However, the conservation of the scaling law, does not definitely prove
that the structure exhibit fractal properties. Therefore, we decided to use an alternative technique to approximate the fractal
dimension. It is based on the pair correlation function given by the equation [11]:
C (r ) =

n( r )
4π r 2 hNp

,

(11)

in which n(r ) is the number density of pair of particles separated by a distance r ± (h/2). Next, the correlation function is
normalized:
∞



C (r )4π r 2 dr =
0

Np − 1
2

.

(12)

For our study we created aggregates with the following morphological parameters: Np = 16 384, Df = 1.8 and kf = 1.3.
To minimize the potential error, 1000 different structures were generated and results, which are presented in Fig. 9, were
averaged. For PC aggregates it turned out to be difficult to approximate the fractal dimension Df . With the CC algorithm we
did not have any problems and the fractal dimension was estimated as Df ≈ 1.8098 which is in very good agreement with
the theoretical input data (Df = 1.8). A similar study, but for smaller aggregates, can be found elsewhere [11]. Note, that
the fractal dimension Df of PC aggregates in the paper by Filippov et al. [11] is overestimated. However, in our work it is
smaller than the theoretical value. This difference might be associated with the fact that in our work much larger structures
were studied, i.e. fractal-like aggregates were composed of Np = 16 384 primary particles. Moreover, it is very difficult
to approximate the slope of the particle correlation function C (r ). Even a small change in the retrieval technique might
affect the resulting fractal dimension Df . Such problem was not observed for CC structures and our approximations are in
very good agreement with those by Filippov et al. [11]. Additionally, we decided to check if the characteristic bend in the
correlation function for PC aggregates is also present when different fractal dimensions are used. The results are presented
in Fig. 10. When small values of the fractal dimension are used the slope is clearly distinguishable but the results are still
not fully satisfactory. However, they are more accurate when Df is increased. This effect is especially visible when Df > 2.3.
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Fig. 9. The correlation function C (r ) for aggregates composed of Np = 16 384 particles with the fractal parameters Df = 1.8 and kf = 1.3. The structures
were generated with the PC (left) and the CC (right) aggregation methods. The fractal dimension Df was approximated from the slope.

Therefore, we conclude that CC aggregates reveal more accurate fractal behavior than structures generated with the PC
algorithm. However, they difficult to generate when the fractal dimension Df is large, i.e. when Df > 2.3. Beyond this border
PC algorithms are much more efficient and, what is more important, aggregates generated in this way can be considered as
fractals. Note, that there are also different methods which can be used to determine the fractal dimension, for example from
TEM images [19]. However in our study we were interested in three-dimensional structures only.
3. Possible modifications
Although the algorithm by Filippov [11] was designed to generate only monodisperse fractal-like aggregates, it is relatively easy to apply polydispersity. In our implementation the fixed particle radius rp should be replaced with the averaged
particle radius r¯p and the calculation of the rotation angles should be altered accordingly (the only difference is the distance between particle centers, in all equations the expression 2rp should be replaced with rp1 + rp2 ). A sample polydisperse
aggregate is presented in Fig. 11(A).
Another possible modification is to change the overlap coefficient. Similarly, the distance between particle centers 2rp
should be altered with the expression 2rp (1 − V ) and the procedure for checking the overlap condition should be adjusted
to accept particle intersections no greater than V . However, the size of the structure cannot stay constant. Otherwise, due to
the decreasing number of possible connections, the fractal dimension Df can significantly change and the resulting structure
would look more like a line and less like a fractal. The most general formula for |Γ⃗ | is presented as follows [11]:



N1p + N2p

2

R23g = N1p + N2p



N1p R21g + N2p R22g + N1p N2p |Γ⃗ |2 .





(13)

R3g is the theoretical radius of gyration of connected clusters, calculated with the standard fractal equation (1). Brasil
et al. [16] suggest that the radius of gyration is related to the overlap coefficient in the following manner:
Rg = Rg0 (1 − V ),

(14)

where Rg0 is the initial radius of gyration (for particles in point contact, i.e. V = 0). Therefore, at every step of the aggregation process the value of R3g should be multiplied by 1 − V to obtain the desired, shorter, length of Γ⃗ and to preserve a
similar number of possible connections. Nevertheless, this simplification is valid for aggregates composed of large number
of particles only. Moreover, even when these conditions are applied, changes to the fractal dimension Df and fractal prefactor kf are unavoidable. The aggregate is more compact and therefore, more similar to a sphere (characterized by a fixed
dimension Df = 3). The solution is to generate structures with modified initial parameters, i.e. with lower Df and kf . The
relation between the fractal parameters and the overlap coefficient can be found elsewhere [16,20]. In our study we used
the following modifications:
Np = kf 0 Rg0 /rp



kf 0 = kf /e

V ·2.2

Df

,

.

We assumed Df to be constant for relatively small V . A sample aggregate is presented in Fig. 11(B).

(15a)
(15b)
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Fig. 10. The correlation function C (r ) for aggregates, created with the PC aggregation method, composed of Np = 16 384 particles with the following
fractal parameters: (A) Df = 1.30 and kf = 1.800, (B) Df = 2.30 and kf = 1.150, (C) Df = 2.55 and kf = 1.075, (D) Df = 2.80 and kf = 1.000. The results
were averaged over 500 structures and the fractal dimension Df was approximated from the slope.

Fig. 11. Aggregates created with the CC aggregation procedure, characterized by the following fractal parameters: Df = 2.0 and kf = 1.5, composed of
Np = 25 spherical particles. The pictures present: (A) A polydisperse aggregate with rp = 10 nm and σ rp = 2 nm (standard deviation). (B) A monodisperse
aggregate composed of overlapping particles (V = 0.25).

4. Concluding discussion
In this paper we present a very fast and accurate implementation of the tunable PC and CC algorithms developed by Filippov et al. [11]. Every error in the aggregation step can be found and resolved. Furthermore, infinite loops, which are very
common in standard trial-and-error approaches, do not exist. The algorithms are capable of generating a wide set of aggregates characterized by different morphological parameters. For example, to generate an aggregate composed of Np = 16 384
particles and fractal properties Df = 1.8 and kf = 1.3 on a standard PC using the CC routine, approximately 56 s are needed
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and the resulting overlap error is no greater than V < 10−8 . Our work confirms that the fractal properties of structures
generated with the PC algorithm are much less distinct to real aggregates than those created with the CC procedure (Figs. 9,
10). However, the CC method is not capable of generating aggregates with high fractal dimensions, e.g. Df > 2.3. In such
case the PC method should be used instead. Additionally, the four algorithms, which were studied in our work, are available
online and their location can be found in the light scattering portal (http://www.scattport.org/).
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Appendix

A.1. Choosing a random point on a sphere
Many methods for choosing a random point on a sphere have been developed. In our studies we use the approach proposed by Marsaglia [21]. First we select two variables X1 , X2 form a uniform distribution [−1, 1] in a way that S = X12 + X22 <
1. The random point R on the sphere is defined by the following formula:
1

1

R = 2X1 (1 − S ) 2 i + 2X2 (1 − S ) 2 j + (1 − 2S )k,

(16)

where i, j and k are orthogonal unit vectors positioned in respect to the coordinate system (respectively x, y and z-axis).

A.2. Calculating the geometric center of an aggregate
Let us assume that Pq is the center of the qth particle and Np defines the total number of particles. The geometric center
CNp of an aggregate can be calculated by the following equation:
Np


CNp =

Pq

q =0

Np

.

(17a)

If the particle–cluster aggregation is taken into consideration, the geometric center can be easily adjusted at every step of
the aggregation process:
CNp +1 =

CNp · Np + PNp +1
Np + 1

.

(17b)

However, if two aggregates are connected together (the cluster–cluster aggregation procedure), the adjustment is defined
by the equation:
CN1p +N2p =

CN1p N1p + CN2p N2p
N1p + N2p

.

(17c)

A.3. Defining the angles of a triangle
If the three side lengths of a triangle are known (|CA|, |CB| and |AB|) the angle ^ACB can be calculated by the following
equation:


^ACB = a cos

|CA|2 + |CB|2 − |AB|2
2 · |CA| · |CB|



.

(18)
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A.4. Randomization of the angle between two vectors

−
→

−
→

To create a vector CA that is positioned at the chosen angle α to the reference vector CB a supplementary vector T̂1 is

−
→

−
→

needed. Its direction has to be chosen at random, however it cannot be parallel to CB (i.e. T̂1 × CA ̸= 0). The cross product

−
→

−
→

T2 = T̂1 × CB must be calculated. The direction of T̂2 as well as the chosen angle can be encoded in a quaternion and a

−
→

rotation of the copy of the reference vector CA must be performed.

−
→
Â =

A

|A|

−
→

−
→
= 

A

A2x

+ A2y + A2z

,

(19a)

−
→

A × B = (AY BZ − AZ BY ) i + (AX BZ − AZ BX ) j + (AX BY − AY BX ) k.

(19b)

−
→ −
→
To vary the angle between two vectors CA , CB, their normalized cross product T̂ (assuming that they are not parallel)
and the specific rotation angle α (the difference between the actual and the desired angle) must be encoded in a quaternion.
A.5. Performing rotations in the three-dimensional space
One of the most common ways to rotate a single point in a 3D space is to use the quaternion algebra. Quaternions are
the extension of complex numbers and are characterized by four independent values, one for the real (r ) and three for the
imaginary parts (i, j, k). The rotation of a point A around the unit vector B̂ by the angle φ can be performed by solving the
equation QR = QB QA QB∗ where:
QA = AX i + AY j + AZ k,

(20a)

QB = cos (φ/2) r + (BX i + BY j + BZ k) sin (φ/2) ,

(20b)

QB∗ = cos (φ/2) r − (BX i + BY j + BZ k) sin (φ/2) .

(20c)

′

The resulting point A is defined by the three imaginary parts of the quaternion QR . The multiplication (Hamilton product)
is defined as follows:



AB = Ar + Ai + Aj + Ak

Br + Bi + Bj + Bk .





(21)

The direction of the vector B̂ defines the type of the rotation (clockwise or counter-clockwise). Note that every rotation is
performed with respect to the center of the coordinate system (0i + 0j + 0k). In our algorithms, rotations are performed
around the geometric center C of the structure what requires an additional translation of every point.
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